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A flexible structure consisting of a EulerBernoulli beam with a tip mass is
Ž .considered. To stabilize this system we use a boundary control laws: u 1, t x x x
Ž . Ž . Ž . Ž . Ž .mu 1, t u 1, t  u 1, t and u 1, t  u 1, t . A sensitivityt t t x x x t x x x t
asymptotic analysis of the system’s eigenvalues and eigenfunctions is set up. We
Ž .prove that all of the generalized eigenfunctions of 2.9 form a Riesz basis of H. By
a new method, we prove that the operator A generates a C contraction semigroup0
Ž . Ž .T t , t 0. Furthermore T t , t 0, is uniformly exponentially stable and the
optimal exponential decay rate can be obtained from the spectrum of the system.
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1. INTRODUCTION
In this paper, we consider stability of a vibrating beam system clamped
at one end, controlled by combined forces, with a mass attached at the
other end. This system is modeled by
u  u  0, 0 x 1, t 0,t t x x x x
u 0, t  u 0, t  0, t 0,Ž . Ž .x
1.1Ž .u 1, t mu 1, t u 1, t  u 1, t , t 0,Ž . Ž . Ž . Ž .x x x t t t x x x t
u 1, t  u 1, t , t 0,Ž . Ž .x x x t
where m 0 is the tip mass, and  and  are positive constants. Our
problem is to prove that the solutions of the resulting closed-loop system
decay uniformly to zero and the optimal decay rate can be determined by
the spectrum of the closed-loop system.
Ž .The model given by 1.1 is a variant of the SCOLE model, in the sense
Ž . Ž . Ž .that u 1, t  0 and u 1, t mu 1, t  0, which has been studiedx x x x x t t
 in the past by many authors; see, e.g., 1 . It is known that for such types of
models the feedback law
u  0, u 1, t mu 1, t u 1, t ,  0, t 0,Ž . Ž . Ž .x x x x x t t t
1.2Ž .
Ž .is sufficient for strong i.e., asymptotic stability, but not sufficient for
uniform stability. It is well known that such compact perturbations are not
sufficient to provide uniform stabilization. Hence, to obtain uniform stabil-
ity one has to choose ‘‘stronger’’ feedback terms such as u ; see Raox x x t
 12 , where the lack of uniform stability for the SCOLE model with usual
feedback laws was proven by using the compactness argument, and also
uniform decay of the energy was obtained by means of higher order
 feedback for rather smooth initial data. In Bal 1 , a three dimensional
model for the SCOLE system, including the moment of inertia at x 1,
Ž .was considered and then a feedback law similar to 1.2 and another
feedback law based on optimal control techniques were studied. As stated
above, these results only show the asymptotic or uniform decay of energy
for the system considered, but do not prove the optimality of the decay
 rate. In 11 , Li considered the optimality decay rates for m 0,  0,
Ž . Ž .and u 1, t K u 1, t , respectively.x x 2 x t
 In 9 , the optimality is studied for a cable with a mass. In this paper we
Ž .investigate the uniform stability of the system given by 1.1 in a general
case.
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Ž . Ž .In order to study system 1.1 , we rewrite 1.1 in the following equiva-
lent form:
u x , t  u x , t  0, 0 x 1, t 0,Ž . Ž .t t x x x x
u 0, t  u 0, t  0, t 0,Ž . Ž .x 1.3Ž .u 1, t mu 1, t u 1, t  u 1, t , t 0,Ž . Ž . Ž . Ž .x x x t t t x x x t
u 1, t  u 1, t , t 0.Ž . Ž .x t x x
This paper is organized as follows. In the next section, we construct an
Ž . Ž .assistant system, and we analyze the spectrum of system 1.1 or 1.3 . In
Section 3, we get the representations of the eigenvalues and eigenfunctions
Ž .of system 1.3 and the assistant system. In Section 4, we get the main
result of this paper.
2. BASIC SPACES AND ANALYSIS OF THE SPECTRUM
Ž .To study system 1.3 , we usually define the auxiliary function  as
m
 t u 1, t  u 1, t , t 0. 2.1Ž . Ž . Ž . Ž .x x x t
Ž . Ž .Inserting 2.1 into 1.3 , we get that
m
 t   t   u 1, t  0, t 0, 2.2Ž . Ž . Ž . Ž .˙ tž /
where a dot represents the time derivative.
Let us introduce the spaces
W u; u	H 2 0, t , u 0  u 0  0 , 2.3Ž . Ž . Ž . Ž . 4x
T 2H u ,  ,  ; u	W ,  	 L 0, 1 ,	 R , 2.4Ž . Ž . Ž . 4
2Ž .where the superscript T stands for the transpose and the space H 0, 1
stands for the Sobolev space. In H, we define the inner-product
1² :y , y  u u  dx K , 2.5Ž .Ž .H H x x x x
0
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Ž .T Ž .Twhere y u,  ,  	 H, y u,  ,  	 H, and K 0 is chosen as
 2
K . 2.6Ž .
m 
Next we define the unbounded operator A,

u ux x x x TA  , u ,  , 	D A , 2.7Ž . Ž . Ž . 1 1 mž /     1Ž .
 0ž /  
where
T 4D A  u ,  ,  ; u	H 0, 1 
W ,  	W , 	 R;Ž . Ž . Ž .½
m
 1  u 1 , u 1   1 . 2.8Ž . Ž . Ž . Ž . Ž .x x x x x x 5
Ž . Ž .From the above notation, let u u and   u ; system 1.3 and 2.2 cant
be written formally as
Y˙ t  AY t , t 0,Ž . Ž .
2.9Ž .
Y 0  Y 	 H ,Ž . 0
Ž .T Ž .where y u,  ,  , and  is defined by 2.1 .
In the rest of this section we investigate the spectrum of the operator A.
To obtain this result, we compare the flexible beam with a tip mass to an
assistant flexible beam without a tip mass, for the spectral properties.
Ž .T Ž .Let 	 C be an eigenvalue of A and let y u,  ,  	D A be a
Ž . Ž .corresponding eigenvector. The eigenproblem of 1.3 or 2.9 can be
written as
2 x   Ž4. x  0, 0 x 1,Ž . Ž .
 0   0  0,  1  1 ,Ž . Ž . Ž . Ž . 2.10Ž .x x x x
 m  1   1  1  0.Ž . Ž . Ž . Ž .x x x
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Let 2  4, and let 	 , k 1, 2, 3, 4, represent the roots of equationk
	 41. The eigendeterminant is

 Ž .
	 	 	 	1 2 3 4
1 1 1 1
2 ,
   31 32 33 34
2 	  2 	  2 	  2 	 1 2 s 4	 	 e 	 	 e 	 	 e 	 	 eŽ . Ž . Ž . Ž .1 1 2 2 3 3 4 4
2.11Ž .
Ž 2Ž 2 . Ž 2 . 3 3. 	k where    m    1 	  e , k 1, 2, 3, 4. From3 j k
Ž . Ž .2.7 and 2.10 , by computing, we have the following lemmas.
Ž .LEMMA 2.0. Let  be an eigenalue of 2.10 , and let im  0. Then
Re 0.
Ž .Proof. Multiplying the first equation of 2.10 by  x and integratingŽ .
from 0 to 1 by part, we get that
1 12  x  x dx  x  x dxŽ . Ž . Ž . Ž .H Hx x x x
0 0
 2 2 2  1   1 .Ž . Ž .x1  
Ž . Ž .Multiplying the first adjoint equation of 2.10 by  x and integrating
from 0 to 1 by part, we get that
1 12  x  x dx  x  x dxŽ . Ž . Ž . Ž .H H x x
0 0
2  2 2  1   1 .Ž . Ž .x1 
From the above equations, we get that
1 2
     x dxŽ . Ž . Ž .H
0
2 2     2 2   1   1 .Ž . Ž .xž /1  1 
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If Im  0, by computing, we get
2
 1Ž .1
   x  x dxŽ . Ž . Ž .H 2ž / 1 0
22     1Ž .x2  1  .Ž .2  1 
From this, we get that Re  0. The proof is complete.
Ž . 4Ž . Ž .LEMMA 2.1. Function  x 	H 0, 1 is an eigenfunction of 2.10
Ž .Tcorresponding to eigenalue  if and only if the ector  ,  ,  is an  
Ž . Ž  Ž .eigenector of 2.9 corresponding to the eigenalue  where   1  
m Ž .. 1 .
The proof is obvious. We omit it.
In order to investigate the eigenvalues and eigenfunctions of system
Ž .2.10 , we introduce a special assistant system as the following:
u x , t  u x , t  0, 0 x 1,Ž . Ž .t t x x x x 2.12Ž .
u 0, t  u 0, t  0, u 1, t  u 1, t  0, t 0.Ž . Ž . Ž . Ž .x x t x x x t
Ž .The eigenproblem of 2.12 is
2 u x  uŽ4. x  0, 0 x 1,Ž . Ž .
2.13Ž .  u 0  u 0  0, u 1  0, u 1  0.Ž . Ž . Ž . Ž .
The eigendeterminant is
	 	 	 	1 2 3 4
1 1 1 1

   , 2.14Ž . Ž .3 	  3 	  3 	  3 	 0 1 2 3 4 	 e  	 e  	 e  	 e1 2 3 4
5 3 	  5 3 	  5 3 	  5 3 	 1 2 3 4 	 e  	 e  	 e  	 e1 2 3 4
where 	 , k 1, 2, 3, 4, are four roots of 	 4 1 0.k
Let
 t  u 1, t ; then  t  u 1, t  0. 2.15Ž . Ž . Ž . Ž . Ž .x x x t x x x t
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We now define an assistant operator as
u
TuA  , u ,  ,  	D A . 2.16Ž . Ž . Ž .x x x x0 0
 0 
 0 0
Ž . Ž . 4Ž . 1 Ž .where D A  u,  ,  ; u	H 0, 1 
W ,  	W , 	 R ,  1  0, 0
 Ž .4 u 1 .
Ž .let u u,   u . By operator A , systems 2.12 can be written ast 0
d
Y t  A Y t , 0 t,Ž . Ž .0 2.17dt Ž .
Y 0  Y , Y 	 H .Ž . 0 0
Ž .The eigenequation of 2.17 can be represented as
u x  x  0, 0 x 1,Ž . Ž .
Ž4. 2.18Ž . x  u x  0, 0 x 1,Ž . Ž .
 0,
with the boundary conditions
u 0  u 0  0, u 1  0, u 1  0. 2.19Ž . Ž . Ž . Ž . Ž .
Ž .Obviously,  0 is an eigenvalue of 2.18 . The corresponding eigenfunc-
Ž 2 .T Ž 3 .Ttion are   x , 0, 0 and   x , 0, 6 .01 02
Ž .If  0, the eigenvalue problem of 2.17 is equivalent to
u x  x  0, 0 x 1,Ž . Ž .
Ž4. x  u x  0, 0 x 1, 2.20Ž . Ž . Ž .
 0,  u 1 ,Ž .Ž .
with the boundary condition
u 0  u 0  u 1  u 1  0, 2.21Ž . Ž . Ž . Ž . Ž .
or equivalently
  




4dA  ,0  0
 04dx
and
T 4D A   ,  ; 	H 0, 1 
W , 	W ,  1  0 ,Ž . Ž . Ž . Ž . 40 0
where
W  	W ;  1  0 . 2.23 4Ž . Ž .0
Ž . Ž .That is, if  0 is an eigenvalue of 2.17 or 2.22 , the corresponding
Ž .T Ž .eigenfunction has the form  u,  , 0 . By the definition of A , 2.22 is0
equivalent to the following quadratic eigenproblem:
2 x   Ž4. x  0, 0 x 1,Ž . Ž .
2.24Ž .   0   0  0,  1   1  0.Ž . Ž . Ž . Ž .
2Ž .Because A is a skew operator in the space W  L 0, 1 , all of the0 0
Ž . Ž .eigenfunctions of 2.22 or 2.20 form an orthogonal basis in space
2Ž .W  L 0, 1 . From this, we get the following lemma.0
Ž .LEMMA 2.2. All of the eigenectors of A or 2.17 form a Riesz basis in0
space H.
 Ž .TProof. Obviously, all of the eigenvectors     ,  , j 1, 2,n j n j n j n j
2Ž .n 1, 2, 3, . . . , of A form an orthogonal basis in space W  L 0, 1 .0 0
Ž 2 .T Ž 3 .TBecause vectors   x , 0, 0 and   x , 0, 6 are two eigenvec-01 02
tors of A corresponding the eigenvalue   0, we get that  0 0 01
Ž 2 .T Ž 3 .T Ž .Tx , 0, 0 ,   x , 0, 6 , and     ,  , 0  , j 1, 2, n02 n j n j n j n j
1, 2, 3, . . . , form a Riesz’s basis of space H. The proof is complete.
Let   2  0, and let 	 , j 1, 2, 3, 4, be the four roots of 	 41.j
Ž .The eigendeterminant of 2.24 can be written as
	 	 	 	1 2 3 4
1 1 1 1

  Ž . 3 3 	  3 3 	  3 3 	  3 3 	 0 1 2 3 4 	 e  	 e  	 e  	 e1 2 3 4
3 	  3 	  3 	  3 	 1 2 3 4 	 e  	 e  	 e  	 e1 2 3 4
6' ' '4 2  sinh 2  sin 2  . 2.25Ž .Ž .
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Taking 	  e3 i4, 	  e5 i4, 	  e i4, 	  e i4, and   2,1 2 3 4
let
	 	 	 	1 2 3 4
1 1 1 1

  Ž . 3 	  3 	  3 	  3 	 1 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
2 	  2 	  2 	  2 	 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
' ' 4 cosh 2  cos 2  2 , 2.26Ž .Ž .
	 	 	 	1 2 3 4
1 1 1 1

  Ž . 	  	  	  	 2 1 2 3 4e e e e
2 	  2 	  2 	  2 	 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
' ' ' 4 2 sinh 2  sin 2  , 2.27Ž .Ž .
	 	 	 	1 2 3 4
1 1 1 1

  Ž . 3 	  3 	  3 	  3 	 3 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
	  	  	  	 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
' ' '4 2 sinh 2  sin 2  , 2.28Ž .Ž .
and
	 	 	 	1 2 3 4
1 1 1 1

  Ž .4 	  	  	  	 1 2 3 4e e e e
	  	  	  	 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
' ' 4 cosh 2  cos 2  2 . 2.29Ž .Ž .
Ž .Then the eigendeterminants of 2.11 can be represented as

   3  2 1  3
    2
 Ž . Ž . Ž .Ž . Ž .3 1
2 2 3 2 m   
    
 Ž . Ž .Ž . 4 2
8 6' ' ' ' ' ' 4 2  sinh 2  sin 2   4 2  sinh 2  sin 2 Ž . Ž .
2 5 ' ' 4   1  cosh 2  cos 2  2Ž . Ž .
2 2 3 ' '  m  4 cosh 2  cos 2  2Ž . Ž .
2' ' '4 2  sinh 2  sin 2  , 2.30Ž .Ž .
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Ž .and the eigendeterminant of 2.14 can be represented as
2 8 8' ' '
    
    
   4 2  sinh 2  sin 2  . 2.31Ž . Ž . Ž . Ž .Ž .0 0 3
' Let z 2 , and let   z x iy	 C; x y 2n ; y xn
  4  22n , 0 x  2n and 0 y 2n , for n 1, 2, 3, . . . . Let C  z ;n
4z	  , n 1, 2, 3, . . . . Obviously, C is a series of simple closed curves.n n
We have the following lemmas.
2 2'LEMMA 2.3. Let S cosh x cosh y ; then, for n large enough, we
hae that
1  S sinh z	 sin z  2S,2
for z x iy	  . 2.32Ž .n1  S cosh z cos z	 2  2S,2
Proof. Since
cosh z cos z cos x cosh y cos x cosh x
 i sin x sinh x sin x sinh y ,Ž .
for z	  and x y 2n ,n
we have
  2 2 2cosh z cos z  S  2 sin x
2 2   2 cos x cosh x cosh y 2 sin x sinh x sinh y
 S2 2, for z	  and x y 2n ,n
Similarly, we get that
  2 2cosh z cos z  S  2, for z	  and y x 2n ,n
Obviously, we have
  2 2cosh z cos z  2S , for z	  .n
2' ' That is, S  2 cosh z cos z 2  2 S. Because
     cosh z cos z  2 cosh z cos z	 2  cosh z cos z  2,
Ž .we have the second inequality of 2.32 for n large enough.
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Since
sin z	 sinh z sin x cosh y	 cos x sinh x
 i cos x sinh y	 sin y cosh x ,Ž .
we have
  2 2 2 2 2 2 2sin z	 sinh z  sin x cosh y cosh x  cos x sinh x sinh yŽ . Ž .
	 sin 2 x cosh y sinh x
 cosh x sinh yŽ .
2 2   S  2 cos x cosh y sinh x
 cosh x sinh y
1 2 S , for z	  and n large enough.n2
Obviously, we have
  2 2sin z	 sinh z  4S .
So we get that
1 22 2 S  2 sin z	 sinh z  4S .2
1  That is, S sinh z	 sin z  2S, for n large enough. The proof is2
complete.
5  Ž . 5 Ž .LEMMA 2.4. Functions  
  and  
  hae the same number of0
zeros in the interior of C for n large enough.n
2 ' Ž . Ž .Proof. Let   and z 2 . From 2.30 and 2.31 , we see that
5 5 
    




2 22 z sin z sinh z  2 z z  1 cos z cosh z 2Ž . Ž .ž /2 4z sinh z sin zŽ .
2mz
1'  2 z cosh z cos z 2  2 2  sinh z sin z zŽ . Ž .ž /2
 4z sinh z sin zŽ .
 1, for 	 C and n large enough. 2.33Ž .n
Ž .  Ž .By Rouche’s theorem, we see that 
  and 
  have the same number0
5 Ž .of zeros in the interior of C for n large enough, and so do  
  andn 0
5  Ž . 
  .
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Ž . Because  0 is not an eigenvalue of A,  A  	 C;  0 andp
Ž . 4 5  Ž .such that 
   0 . Obviously,  0 is not a zero of  
  . By
computing,  0 is an eigenvalue of A with eigenvectors  , j 1, 2.0 0 j
Ž . Ž .By 2.18  2.21 and the symmetry of C with respect to the real axis, wen
Žsee that there exist 2m counting by the multiple number of its eigenvec-
.tors eigenvalues of A in the interior of C . Therefore there also exist 2m0 n
generalized eigenvectors corresponding to all of the eigenvalues of A in
the interior of C . The proof is complete.n
3. ASYMPTOTIC REPRESENTATIONS OF EIGENVALUE
AND EIGENFUNCTION
In this section we give the asymptotic representations of the eigenvalues
Ž . Ž .and eigenfunctions of assistant system 2.12 and system 1.3 .
We first study the eigenvalues and eigenfunctions of the assistant system
Ž . Ž . Ž . 22.12 . Because, for  0, all of the solutions of 2.18 are  x  ax ,
Ž . 3 Ž .and  x  bx , a, b	 C, to study system 2.12 , we only need to study
Ž . Ž .system 2.20 . We will consider the quadratic eigenproblem 2.24 . Let 	 ,1
	 , 	 , and 	 be the four roots of 	 41, and let  4 2. Then2 3 4
Ž . 	 j  x Ž . 2 Ž . x  e , j 1, 2, 3, 4, are the basic solutions of  x    x  0.j
2 Ž .For a complex number   , the eigenfunction of 2.22 can be
represented as
4
	  xj x ,   c e ,Ž . Ý j
j1
Žwhere c , c , c , and c are arbitrary constants at least one of them not1 2 3 4
.zero and satisfy
	 c  	 c  	 c  	 c  0,1 1 2 2 3 3 4 4
c  c  c  c  0,1 2 3 4
3.1Ž .3 	  3 	  3 	  3 	 1 2 3 4	 e c  	 e c  	 e c  	 e c  0,1 1 2 2 3 3 4 4
	  	  	  	 1 2 3 4	 e c  	 e c  	 e c  	 e c  0.1 1 2 2 3 3 4 4
By linear algebraic theory, we have
	 	 	 	1 2 3 4
1 1 1 1

    0. 3.2Ž . Ž .3 	  3 	  3 	  3 	 3 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
	  	  	  	 1 2 3 4	 e 	 e 	 e 	 e1 2 3 4
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Ž . Ž .Obviously, 
  is the eigendeterminant of 2.24 . We now estimate the3
Ž .roots of the eigendeterminant 
  .3
Ž .LEMMA 3.1. The eigenalues of 2.22 can be asymptotically represented
as
21 1
54 i  e  n iOn1 ž / ž /ž /4 n
21 1
 n i 1O , n 1, 2, . . . , 3.3Ž .2ž / ž /ž /4 n
21 1
34 i  e  n iOn2 ž / ž /ž /4 n
21 1
 n i 1O , n 1, 2, . . . , 3.4Ž .2ž / ž /ž /4 n
Ž . Ž .and  j 1, 2; n 1, 2, . . . is a simple root of 
  .n j 0
Proof. Let 	  eŽ34. i, 	  eŽ54. i, 	  eŽ14. i, 	  eŽ14. i,1 2 3 4
 3 4 Ž . Ž .and S   ;  arg  . Then Re 	  0, Re 	  0, 	 0 1 4 38 8
	 1 	4  Ž .	 , and e  0, e   exponentially, as   for 	 S . By2 0
Ž .computing, 
   0 can be written as3
1
2	 2e  iO  0. 3.5Ž .ž /p
Because the equation
e2	 2  i 0, for 	 S , 3.6Ž .0
has roots
11  	  n i , n 1, 2, . . . , 3.7Ž .ˆ Ž .n1 2 4
and these roots  , n 1, 2, . . . , on the line arg  , by Rauche’snˆ1 4
Ž .theorem, we see that the roots of 3.5 can be asymptotically represented
as
1 1
1  	  n iO , n 1, 2, . . . . 3.8Ž .n1 2 ž / ž /4 n
Ž .From this we can get 3.3 .
3  4Let S   ;   arg  . Substituting S for S and taking1 0 18 8
Ž54. i Ž34. i Ž 4. i Ž 4. i Ž .	  e , 	  e , 	  e , and 	  e in 3.5 , simi-1 2 3 4
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larly, we get that
1
2	 2e  iO  0, 	 S . 3.9Ž .1ž /
Ž .Similarly, we can get that the roots of Eq. 3.9 can be asymptotically
represented as
1 1
1  	  n iO , n 1, 2, . . . . 3.10Ž .n2 2 ž / ž /4 n
Ž .From this, we can get 3.4 .
5 7 9 4 By computation, in fields F   ;  arg  , F   ; 1 28 8 8
11 4 Ž . Ž .arg  , we can get same results as 3.8 and 3.12 . In the other fields8
Ž .there exist at most finite roots for 
  . The proof is complete.3
By Lemma 3.1, we will obtain the representations of eigenfunctions of
Ž .eigenproblem 2.22 .
LEMMA 3.2. The eigenfunctions, corresponding to eigenalue    2 , ofn1 n1
Ž .2.22 can be represented as
 x ,   2 1 i cosh 	  x 	 Ž . Ž . Ž .n1 n1 1 n1 2 n1
 1 i cosh 	  x 	 Ž . Ž .1 n1 3 n1
cosh 	  x 	 Ž .1 n1 4 n1
 1 i cosh 	  x 	 Ž . Ž .2 n1 1 n1
 1 i cosh 	  x 	 Ž . Ž .2 n1 4 n1
	 4 n1cosh 	  x 	  e ,Ž .2 n1 3 n1
 x	 0, 1 , n 1, 2, 3, . . . , 3.11Ž .
where 	  eŽ34. i, 	  eŽ54. i, 	  e i4, and 	  e i4, and1 2 3 4
 x ,   2 1 i cosh 	  x 	 Ž . Ž . Ž .n2 n2 1 n2 2 n2
 1 i cosh 	  x 	   cosh 	  	 Ž . Ž . Ž .1 n2 3 n2 1 4 n2
 1 i cosh 	  x 	 Ž . Ž .2 n2 1 n2
 1 i cosh 	  x 	 Ž . Ž .2 n2 4 n2
	 4 n2cosh 	  x 	  e ,Ž .2 n2 3 n2
 x	 0, 1 , n 1, 2, 3, . . . , 3.12Ž .
where 	  eŽ54. i, 	  eŽ34. i, 	  e i4, and 	  e i4.1 2 3 4
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Furthermore, there exists a constant number M  0, such that eery0
Ž .eigenfunction  x holds the following estimation:n j
 x ,  M ,  x ,  M n ,Ž . Ž .n j n j 0 n j n j 0
j 1, 2, n 1, 2, 3, . . . . 3.13Ž .
Proof. Let 	  eŽ34. i, 	  eŽ54. i, 	  eŽ 4. i, 	  eŽ 4. i, and1 2 3 4
 34 2  4   . We consider Lemma 2.2 in the field: S   ;  arg  .0 8 8
Ž . Ž .Because eigenfunction  x,  of 1.3 corresponding to eigenvaluen1 n1
2 Ž . 4 	 j  x   can be represented as  x,  Ý c e , where c , c ,n1 n1 n1 n1 j1 j 1 2
Ž .c , and c satisfy 3.1 , by linear algebraic theory, we have3 4
	 4 n1	 	 	 	 e1 2 3 4
	 4 n11 1 1 e
 x ,   . 3.14Ž . Ž .n1 n1 	  x 	  x 	  x 	  Ž x1.1 n1 2 n1 3 n1 4 n1e e e e
	  	  	 1 n1 2 n1 3 n1	 e 	 e 	 e 	1 2 3 4
Ž .By computing, we get 3.11 .
Taking 	  eŽ54. i, 	  eŽ34. i, 	  eŽ 4. i, and 	  eŽ 4. i, in1 2 3 4
3 Ž .  43.14 , and substituting S for S   ;   arg  , we can get0 1 8 8
Ž .3.12 . The proof is complete.
We now discuss the asymptotic representations of the eigenvalues and
Ž . Ž .the eigenfunctions of 2.9 or 1.3 . We first study the distribution of
Ž . 4eigenvalues 2.10 . Let 	 , 	 , 	 , and 	 be the roots of 	 1. Let1 2 3 4
 4 2  0. By the method of Lemma 3.1, we get the following lemma.
Ž .LEMMA 3.3. The eigenalues of 2.10 can be represented as
2 21 1
   1O   O , n 1, 2, . . . , 3.15Ž .n1 n1 n12 ž /ž / ž /ž /  n1n1
2 21 1
   1O   O , n 1, 2, . . . , 3.16Ž .n2 n2 n22 ž /ž / ž /ž /  n2n2
Ž . Ž . Ž . Ž .where  ,  ,  , and  are determined by 3.3 , 3.4 , 3.9 , and 3.13 ,n1 n2 n1 n2
respectiely.
Ž .Furthermore,  k 1, 2 is simple for n large enough.nk
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Proof. Let 	  eŽ34. i, 	  eŽ54. i, 	  eŽ14. i, 	  eŽ14. i,1 2 3 4
 3 4 Ž . Ž .and S   ;  arg  ; then Re 	  0, Re 	  0, 	 0 1 4 38 8
	 1 	4  Ž .	 ; and e  0, e   exponentially, as   for 	 S .2 0
 Ž .Therefore, for  0, the roots of 
   0 satisfy
	 	 	 	1 2 3 4
1 1 1 1 1 4
   Ž .8     31 32 33 34
   41 42 43 44
1
3 2 
   
    m 
 Ž . Ž . Ž .Ž .3 3 42
  2 1 3
   m 2 4
   0.Ž . Ž .Ž . Ž .1 2
3.17Ž .
Ž .By Lemma 3.1 and Rauche’s theorem, we can see that the roots of 3.17
can be represented as
1
   O , n 1, 2, . . . . 3.18Ž .n1 n1 ž /n1
Ž .From this, we can get 3.15 . Because  is simple, we can see that  isn1 n1
also simple for n large enough.
3  4Let S   ;   arg  . Replacing S by S , and taking1 0 18 8
Ž54. i Ž34. i Ž 4. i Ž 4. i Ž .	  e , 	  e , 	  e , and 	  e in 3.17 , by1 2 3 4
Rauche’s we can get that
1
   O , n 1, 2, . . . . 3.19Ž .n2 n2 ž /n2
Ž .From this, we get 3.16 , and we can see that  is simple for n largen2
enough.
5 7 9 11 4  4In fields F   ;  arg  and F   ;  arg  , we1 28 8 8 8
Ž . Ž .can get the same results as 3.18 and 3.19 . In the other fields, there at
 Ž .most exist finite roots of 
  . The proof is complete.
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Ž . Ž .We now discuss the representation of the eigenfunctions 1.3 or 2.10 .
Let
' x ,   2 2 sinh 	  x 	   i sinh 	  x 	 Ž . Ž . Ž .3 4 3 1
 1 i sinh 	  x 	   sinh 	  x 	 Ž . Ž . Ž .3 2 1 2
i sinh 	  x 	 Ž .1 3
	 4 1 i sinh 	  x 	  e , 3.20Ž . Ž . Ž .1 4
where 	 , j 1, 2, 3, 4, are the four roots of equation 	 41. Byj
Lemmas 3.13.3, we can get the following result.
LEMMA 3.4. The eigenfunctions corresponding to eigenalue  2 of
Ž .2.10 can be asymptotically represented as
1
f x ,    x ,    x ,  ,Ž . Ž . Ž .n1 n1 n1 n1 n1 n1n1
 x	 0, 1 , n 1, 2, . . . , 3.21Ž .
where 	  eŽ34. i, 	  eŽ54. i, 	  e i4, and 	  e i4, and1 2 3 4
1
f x ,    x ,    x ,  ,Ž . Ž . Ž .n2 n2 n2 n2 n2 n2n2
 x	 0, 1 , n 1, 2, . . . , 3.22Ž .
where 	  eŽ54. i, 	  eŽ34. i, 	  e i4, 	  e i4, and   2 .1 2 3 4 n j n j
Furthermore, there exists a constant M  0 such that, for eery eigenfunc-0
Ž .tion f x , the following estimations holds:n j
f x ,  M , f x ,  M n , j 1, 2, n 1, 2, . . . .Ž . Ž .n j n j 0 n j n j 0
2.23Ž .
Proof. Let 	  e34 i, 	  e54 i, 	  e4 i, 	  e 4 i, and  41 2 3 4
 32  4  . We consider Lemma 3.4 on field S   ;  arg  . Because0 8 8
the eigenfunction corresponding to eigenvalue   2 can be repre-n1 n1
Ž . 4 	 jn1 xsented as f x,  Ý c e , where c , c , c , and c are deter-n1 n1 j1 j 1 2 3 4
Ž .mined by the conditions of 2.10 , and because
	 	 	 	1 2 3 4
1 1 1 1
 0   41 42 43 44
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Ž .has rank 3, by the theory of linear algebra and 2.11 , we can get
	 	 	 	1 2 3 4
1 1 1 1	 4 n1f x ,   eŽ .n1 n1 	  x 	  x 	  x 	  Ž x1.1 n1 2 n1 3 n1 4 n1e e e e
   41 42 43 44
	 4 n1	 	 	 	 e1 1 1 1
	 4 n11 1 1 e 	  x 	  x 	  x 	  Ž x1.1 n1 2 n1 3 n1 4 n1e e e e
	  	  	 1 n1 2 n1 3 n1	 e 	 e 	 e 	1 2 3 4
	 4 n1	 	 	 	 e1 2 3 4
	 4 n1 1 1 1 e
 ,	  x 	  x 	  x 	  Ž x1.1 n1 2 n1 3 n1 4 n1e e e en1
2 	  2 	  2 	  21 n1 2 n1 3 n1	 e 	 e 	 e 	1 2 3 4
Ž 2 . 	 jn1where   K 	   	 e , j 1, 2, 3, 4. By computing, we can4 j 2 j n1 j
get

f x ,    x ,    x ,  .Ž . Ž . Ž .n1 n1 n1 n1 n1 n1n1
Taking 	  eŽ54. i, 	  eŽ34. i, 	  eŽ 4. i, 	  eŽ 4. i, and S1 2 3 4 1
3  4 Ž .  ;   arg  , similarly, we can get 3.22 . The proof is8 8
complete.
4. RIESZ BASIS AND STABILIZATION
In this section, we first study the construction of the eigenvectors of
Ž .2.9 , and we prove that all of the eigenvectors of A constitute a Riesz
Ž .basis of the space H. Second, we study the stability of system 2.9 .
We now begin the first part of this section.
LEMMA 4.1. There exists a integer N such that0
 f x ,    x ,  M  , for nN , 4.1Ž . Ž . Ž .n1 n1 n1 n1 n1 0
where 	  eŽ34. i, 	  eŽ54. i, 	  eŽ 4. i, and 	  eŽ 4. i, and1 2 3 4
 f x ,    x ,  M  , for nN , 4.2Ž . Ž . Ž .n2 n2 n2 n2 n2 0
where 	  eŽ54. i, 	  eŽ34. i, 	  eŽ 4. i, and 	  eŽ 4. i.1 2 3 4
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Ž .Proof. We first prove 4.1 . By Lemmas 3.13.4, we see that the
Ž .eigenfunction f of 1.3 corresponding to eigenvalue  can be repre-n1 n1
sented as
f x ,    x , Ž . Ž .n1 n1 n1 n1

	 4 n1  x ,    x ,    x ,  e . 4.3Ž . Ž . Ž . Ž .n1 n1 n1 n1n1
Noting that Re 	   0 and Re 	   0, and that Re 	  ,1 n1 1 n1 2 n1
Re 	  , Re 	  , and Re 	  are bounded, we have that2 n1 3 n1 3 n1
 x ,    x , Ž . Ž .n1 n1
1 1
	 xO  	 O3 4ž / ž / n1 n1 4 sinh 	  x 	  3 n1 4 n1 2
 0
1 1





	 xO  	 O1 3ž / ž / n1 n1 sinh 	  x 	  1 n1 3 n1 2
 0
1 1





	 xO  	 O3 2ž / ž / n1 n1 sinh 	  x 	  3 n1 2 n1 2
 0
1 1






	 xO  	 O1 4ž / ž / n1 n1 sinh 	  x 	  1 n1 4 n1 2
 0
1 1





	 xO  	 O3 2ž / ž / n1 n1 sinh 	  x 	  3 n1 2 n1 2
 0
1 1





	 xO  	 O1 2ž / ž / n1 n1 sinh 	  x 	  1 n1 3 n1 2
 0
1 1





	 xO  	 O3 1ž / ž / n1 n1 sinh 	  x 	  3 n1 1 n1 2
 0
1 1




	  Ž x1.4 n1M e . 4.4Ž .
 n1
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So
 f   x ,  M  , for n large enough. 4.5Ž . Ž .n1 n1 n1
Similarly, we can prove the case j 2. The proof is complete.
By computing, we get that
 2 x ,   2 i 1 i cosh 	  x 	 Ž . Ž . Ž .Ž .n1 n1 n1 1 n1 2 n1
 1 i cosh 	  x 	 Ž . Ž .1 n1 3 n1
 cosh 	  x 	 Ž .Ž .1 n1 4 n1
	 1 i cosh 	  x 	 Ž . Ž .Ž .i 2 n1 1 n1
 1 i cosh 	  x 	 Ž . Ž .2 n1 4 n1
	 4 n1 cosh 	  x 	  e , 4.6Ž . Ž .Ž .2 n1 3 n1
and similarly, we have that
 2 x ,    i sinh 	  x 	   i sinh 	  x 	 Ž . Ž . Ž .Žn1 n1 n1 3 n1 4 n1 3 n1 1 n1
 1 i sinh 	  x 	 Ž . Ž . .3 n1 2 n1
i sinh 	  x 	 Ž .Ž 1 n1 2 n1
 sinh 	  x 	 Ž .Ž 1 n1 3 n1
	 4 n1 1 i sinh 	  x 	  e . 4.7Ž . Ž . Ž .. .1 n1 4 n1
We have the following result.
 Ž Ž . Ž . .T 4  Ž Ž .LEMMA 4.2.    x  ,  x , 0 and F  f x n1 n1 n1 n1 n1 n1 n1
Ž . .T 4 Ž . Ž . , f x ,   are the eigenfunctions of 2.18 and 2.9 , respec-n1 n1 n1 n1 n1
tiely. Furthermore, there exists a constant N  0 such that0
  12 F  M . 4.8Ž .Ý ÝHn1 n1 2nnN nN0 0
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Proof. Because
2 f n1 n122 	  	 4 n1 4 n1 F   f   e   eŽ .Hn1 n1 n1 n1 ž / n1 n1
2
	 4 n1 e
n1
1 2	 4 n1 f x   x e dxŽ . Ž .Ž .H n1 n1
0
2  2f  1 n1 n1 	  	 4 n1 4 n1  e dx eH ž /  0 n1 n1 n1
2	 4 n1 e 1 2 2  x ,  dxŽ .H n12  0n1
1 2	 4 n1  x ,    x ,  e dxŽ . Ž .Ž .H n1 n1
0
22 	 4 n1 e  x , Ž .1 n1 dxH2   0 n1n1
2  x ,   x , Ž . Ž .1 n1 n1 	 4 n1  e dxH ž / 0 n1 n1
2
	 4 n1 e , 4.9Ž .
n1
Ž . Ž . Ž .from 4.4  4.7 and 4.9 , we have that
  2 2F  Mn . 4.10Ž .Hn1 n1
Ž . Ž .From 4.10 , we have 4.8 . The proof is complete.
Remark. Let 	  eŽ54. i, 	  eŽ34. i, 	  eŽ14. i, and 	 1 2 3 1
eŽ14. i; we can prove that the above lemmas hold for  and  defined in
Lemmas 2.2 and 2.4. So we have that there exists an integer N such that1
 2
2 F  . 4.11Ž .Ý Ý Hn j n j
nN j11
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By the above lemmas, we have the following result.
THEOREM 4.3. Let  0,  0, m 0 and 0  . All of the
Ž .generalized eigenectors, F , j 1, 2, n 0, 1, 2. . . . , of system 2.9 form an j
2Ž .Riesz basis of space H V L 0, 1 .
Ž .  Ž .1 4 ŽProof. Let Ý A*   ; I A  is an entire function of  see
 . Ž .1Lemma 6 on p. 2296 of Ref. 8 , where A* is the adjoint of A. A* is
1  compact because A is compact. By Lemma 5 of Ref. 8 we know that
Ž . Ž .dim Ý A*  0 or . Let Sp A denote the closed linear subspace spanned
 by all the generalized eigenvectors of A. By Lemma 5 of Ref. 8 , we have
 Ž . Ž . Ž .  4 Ž .Sp A Ý A* . If Sp A  0 , then dim Ý A*  . Take linear 
ˆ 4 Ž .independent vectors F ; k 1, 2; n 0, 1, 2, . . . , N  1  Ý A*nk 1 
Ž . Ž . Sp A . From 4.11 we have
N 1 2  21
2 2ˆ   F   F  . 4.12Ž .Ý Ý Ý Ýnk nk nk nk
n0 k1 nN k11
ˆ 4 Obviously, F ; k 1, 2; n 0, 1, 2, . . . , N  F ; k 1, 2; nN ,nk 1 nk 1
4 ŽN  1, . . . is 	-linear independent. By Bair’s theorem Theorem 11.3 of1
ˆ   4 Ref. 6 , we see that F ; k 1, 2; n 0, 1, 2, . . . , N  F ; k 1, 2;nk 1 nk
4 Ž ..nN , N  1,  forms a Riesz basis of H. That is, dim Sp A 1 1
Ž . Ž .dim Ý A*  2 N  1. This is a contradiction with dim Ý A*  . 1 
ˆŽ .  4  4 Therefore dim Ý A*  0 . Let F ; j 1, 2, . . . , m  F ; k 1, 2; n j nk
4N , N  1,  be all the generalized eigenvectors of A. By Bair’s1 1
Ž .  theorem and 4.11 , m 2 N . From 6, Corollary 11.4 , we see that there1
exists a positive integer n N such that the sequence  ; k 1, 2;0 1 nk
4  4n 0, 1, 2, . . . , n  F ; k 1, 2; n n  1, n  2,  is a Riesz ba-0 nk 0 0
sis of H. From this, we get
 4H Sp  ; k 1, 2; n 1, 2, . . . , n 4nk 0
 4Sp F ; k 1, 2; n n  1, n  2,  . 4.13Ž .nk 0 0
Ž .  4From 4.12 , we see that F ; k 1, 2; n n  1, n  2,  is a Riesznk 0 0
ˆ 4 basis of Sp F ; k 1, 2; n n  1, n  2,  . Therefore F ; jnk 0 0 j
4  41, 2, . . . , m  F ; k 1, 2; nN , N  1,  form a Riesz basis ofnk 1 1
 Ž . Ž .  4 Ž . subspace Sp A . Because Sp A  0 , Sp A  H. So F ; j j
4  41, 2, . . . , m  F , k 1, 2; nN , N  1,  form a Riesz basis of H.nk 1 1
The proof is complete.
Ž .In the following, we will prove the stability of system 2.9 . By the
standard approach, we can get the following result.
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Ž . Ž .THEOREM 4.4. The operator A defined by 2.7 and 2.8 generates a C0
Ž .contraction semigroup T t , t 0, and there exist constants M 1 and
 0 such that
 tT t Me , t 0. 4.14Ž . Ž .H
Ž .T Ž .Proof. First, for any y u,  , 	D A , integrating by parts, we
can get the following:
K m1² :A y , y  u  u dx     1Ž . Ž .H H x x x x x x x x ž /ž / 0
K Km
2 2 1 2 u 1   1    1 . 4.15Ž . Ž . Ž . Ž .x x x x3 
Ž .Note that due to the particular choice of K given by 2.6 , the term
Ž . Ž . Ž . Ž .multiplying  1 u 1 in 4.15 vanishes. It follows from 4.15 that thex x x
operator A is dissipative. By Lemma 2.0, noting that  0 is a regular
point of A, we see that if a complex  is an eigenvalue of A, then
Re  0. Because all of the generalized eigenvectors of A form a Riesz
2Ž .basis of the space V L 0, 1 , we see that A generates a C contraction0
Ž .semigroup T t , t 0.
Ž . Ž . Ž . ŽFrom Lemma 3.4, we see that f x,    x,   1  x,n1 n1 n1 n1 n1 n1
. Ž . , n 1, 2, . . . , are the eigenfunctions of 2.10 .
Let
h x  1 i cosh 	  x 	 Ž . Ž . Ž .n11 1 n1 2 n1
 1 i cosh 	  x 	 Ž . Ž .1 n1 3 n1
	 4 n1cosh 	  x 	  e 4.16Ž . Ž .1 n1 4 n1
and
h x  1 i cosh 	  x 	 Ž . Ž . Ž .n12 2 n1 1 n1
 1 i cosh 	  x 	 Ž . Ž .2 n1 4 n1
	 4 n1cosh 	  x 	  e . 4.17Ž . Ž .2 n1 3 n1
By computing, we get that
1 11 12 2
h x dxO , h x dx 4O . 4.18Ž . Ž . Ž .H Hn11 n12ž / ž /n n0 0
12
 1,   16O . 4.19Ž . Ž .n1 n1 ž /n
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Ž . Ž . Ž . Ž . Ž .  Ž .From 4.6  4.19 we get  x,   h x  h x and  x, n1 n1 n11 n12 n1 n1
2 Ž Ž . Ž .. 2 Ž .i h x  h x . Multiplying the eigenequation  f x, n1 n12 n12 n1 n1 n1
Ž4.Ž .f x,   0 by f x ,  and integrating by parts, we get thatŽ .n1 n1 n1 n1
 m 21 n1 n12 22 f x ,  dx f 1, Ž . Ž .Hn1 n1 n1 n1 n11 0 n1
 1n1 2 2 f 1,   f x ,  dx ,Ž . Ž .Hn1 n1 n1 n1 0
4.20Ž .
1 22 f x ,  dxŽ .Hn1 n1 n1
0
 m 2  1n1 n1 n12 2  1,    x ,  O .Ž . Ž .n1 n1 n1 n1 ž /1   nn1
4.21Ž .
Ž .By computing, 4.21 becomes
1 12 2
 h x  h x dx  h x  h x dxŽ . Ž . Ž . Ž .H Hn1 n11 n12 n1 n11 n12
0 0
m 1n1 2  1,  O . 4.22Ž . Ž .n1 n1 2ž /1  nn1
Ž .Let   a  ib . Taking the real part of 4.21 , we getn1 n1 n1
1 2 22 a h x  h x dxŽ . Ž .H ž /n1 n11 n12
0
m 1n1 2  1,  O . 4.23Ž . Ž .n1 n1 2ž /1  nn1
Ž . Ž .So, from 4.18 , 4.19 , we have that
ma 1 a mb2Ž . Ž .n1 n1 n1
lim a  limn1 1 2 2n n 222 b  1 a h x  h x dxŽ . Ž . Ž .Ž .H ž /n1 n1 n1 n1
0
2
  1, Ž .n1 n1
2m
 , 4.24Ž .

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    Žwhere we have used the fact lim b . Because   asn n1 n1
.  n  , from Lemma 3.3, we can see that lim b . Similarly,n n1
let   a  ib ; we can get thatn2 n2 n2
2m
lim a  . 4.25Ž .n2 n
By the theory of basis and the operator semigroup theory, we see that
there exist constants M 1 and  0 such that
 tT t Me , for t 0. 4.26Ž . Ž .
The proof is complete.
From the above theorems, we get the following result.
Ž .THEOREM 4.5. The optimal decay rate of C semigroup T t , t 0,0
generated by A, can be obtained from the following formula:
	  Sup Re ; 	  A . 4.27 4Ž . Ž .0
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